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Abstract

We establish q-analogues of Taylor series expansions in special polynomial bases for

functions analytic in bounded domains and for entire functions whose maximum modulus

Mðr; f Þ satisfies jln Mðr; f ÞjpA ln2 r: This solves the problem of constructing such entire

functions from their values at ½aqn þ q�n=a�=2; for 0oqo1: Our technique is constructive and
gives an explicit representation of the sought entire function. Applications to q-series identities

are given.
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1. Introduction

Two important problems in complex function theory are the problems of
expanding a function in a series of polynomials and the interpolation problem of
finding an entire function from its values on a given sequence fxng; xn-N as
n-N: The polynomial expansion problem has a long history. Whittaker [22,23]
introduced the concept of basic sets of polynomials where the polynomials are
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ordered but not necessarily according to their degrees and all degrees are present. A
more recent treatment of Whittaker’s approach is in the interesting monograph by
Makar [16]. Boas and Buck [4] restricted the polynomials to having a generating
function of a special type which guarantees that pnðxÞ has precise degree n; n ¼
0; 1;y : As a result of the specialization imposed by Boas and Buck, they have been
able to obtain more refined results than those which hold for general basic sets of
polynomials. The bases treated here are not of Boas and Buck type.
In this paper we solve the interpolation problem for the sequence fx2ng;

xn ¼ ½aqn=2 þ q�n=2=a�=2; 0oqo1; 0oao1; ð1:1Þ

for entire functions f satisfying

lim sup
r-þN

ln Mðr; f Þ
ln2 r

¼ c; ð1:2Þ

for a particular c which depends upon q: Here Mðr; f Þ is [3]
Mðr; f Þ ¼ supfj f ðzÞj : jzjprg: ð1:3Þ

In the process of solving this problem we also solve the expansion problem of entire
functions in two specific bases of polynomials, namely ffnðx; aÞg and frnðxÞg
defined in (1.9)–(1.10) and the coefficients in the expansion on ffnðx; aÞg involve
function evaluations at fx2ng: In the case of frnðxÞg; the interpolation points are

un ¼ iðqn=2 � q�n=2Þ=2; n ¼ y;�1; 0; 1;y : ð1:4Þ

Carlson’s theorem [3] states that an entire function f of order one and type less
than p is uniquely determined by the sequence f f ðnÞ : n ¼ 0; 1;yg: Moreover, if
f ðxÞ is entire of order 1 and type oln 2 then

f ðxÞ ¼
XN
n¼0

x

n

 !
ðDnf Þð0Þ; ð1:5Þ

and the series converges uniformly on compact subsets of the complex x-plane,
[3, Theorem 9.10.7]. In the above ðDf ÞðxÞ ¼ f ðx þ 1Þ � f ðxÞ: Another representation
was obtained by Ramanujan in his first notebooks, where he wroteZ

N

0

xs�1
XN
k¼0

f ðkÞð�xÞk
dx ¼ p

sin ps
f ð�sÞ: ð1:6Þ

Hardy [9, (11.2A), p. 186] proved (1.6) by contour integration and pointed out that it
holds under the assumptions in Carlson’s theorem. Therefore, Ramanujan’s formula
(1.6) provides a constructive proof of Carlson’s theorem by showing how to
construct the function f from f f ðnÞg: Therefore, in some sense, our formulas are
closer in spirit to (1.5). An interesting question is to find the analogue of
Ramanujan’s formula (1.6).
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Ramis [19] defined an entire function f to have a q-exponential growth of order k

and a finite type if there exist real numbers K ; a; K40; such that

j f ðxÞjoK jxja exp k ln2 jxj
2 ln2 q

� �
:

Thus functions satisfying (1.2) are of q-exponential growth of order 2c ln2 q:
Two of our main results are Theorems 3.1 and 3.3 which are stated and proved in

Section 3. Before we can state our results we need to explain the notation used, which
is mainly from [1,7]. The q-shifted factorials are

ða; qÞ0 :¼ 1; ða; qÞn :¼
Yn

k¼1
ð1� aqk�1Þ; n ¼ 1; 2;y; or N; ð1:7Þ

while the multiple q-shifted factorials are defined by

ða1; a2;y; ak; qÞn :¼
Yk

j¼1
ðaj ; qÞn: ð1:8Þ

The bases of polynomials we are interested in are defined by

fnðcos y; aÞ ¼ ðaeiy; ae�iy; qÞn ¼
Yn�1
k¼0

½1� 2axqk þ a2q2k�; a40 ð1:9Þ

rnðcos yÞ ¼ ð1þ e2iyÞð�q2�ne2iy; q2Þn�1e
�iny: ð1:10Þ

The motivation for considering these special bases is our desire to establish Taylor-

like series where the Askey–Wilson operator plays the role of d
dx

and these

polynomials play the role of monomials. The basis ffnðx; aÞg was introduced in the
Askey–Wilson memoir [2] but the basis frnðxÞg does not seem to have been
considered before we introduced them in [12].
We now define the Askey–Wilson operator Dq introduced in [2]. Given a function

f we set f̆ðeiyÞ :¼ f ðxÞ; x ¼ cos y; that is

f̆ðzÞ ¼ f ððz þ 1=zÞ=2Þ; z ¼ eiy: ð1:11Þ

In other words we think of f ðcos yÞ as a function of eiy: In this notation the Askey–
Wilson divided difference operator Dq is defined by

ðDq f ÞðxÞ ¼ f̆ðq1=2eiyÞ � f̆ðq�1=2eiyÞ
ðq1=2 � q�1=2Þi sin y ; x ¼ cos y: ð1:12Þ

For example with f ðxÞ ¼ 4x3 � 3x; f̆ðzÞ ¼ ½z3 þ z�3�=2; and

Dq f ðxÞ ¼ q3=2 � q�3=2

q1=2 � q�1=2 ð4x2 � 1Þ:

It is a fact that Dq reduces the degree of a polynomial by one and

lim
q-1

Dq f ðxÞ ¼ d

dx
f ðxÞ; ð1:13Þ
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at the points where f is differentiable. Furthermore, in the calculus of the Askey–
Wilson operator the basis ffnðx; aÞ : nX0g plays the role played by the monomials

fð1� 2ax þ a2Þn : nX0g in the differential and integral calculus.

Note that although we use x ¼ cos y; y is not necessarily real but e7iy are defined
as

e7iy ¼ x7
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1

p
;

and the branch of the square root is taken such that
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1

p
Ex as x-N: Thus

je�iyj ¼ jeiyj if and only if xA½�1; 1�:
The action of Dq on the bases in (1.9)–(1.10) is given by

Dqfnðx; aÞ ¼ �2að1� qnÞ
1� q

fn�1ðx; aq1=2Þ; ð1:14Þ

DqrnðxÞ ¼ 2qð1�nÞ=2 1� qn

1� q
rn�1ðxÞ: ð1:15Þ

As already mentioned the values of an entire function f on the nonnegative
integers determine f ; [3], when f is of order one and type less than p: On the other
hand f ðzÞ ¼ sin pz is order 1 and type p and vanishes at all the integers, so type p is a
cut off point. A similar situation occurs for the interpolation points fx2k : k ¼
0; 1;yg: The function f

N
ðx; aÞ vanishes at all the points x2k; so if f f ðx2kÞ : kX0g

determine an entire function f uniquely then f is expected to grow slower that

f
N
ðx; aÞ: It turns out that when c in (1.2) iso1=ð2 ln q�1Þ then f can be interpolated

from f f ðx2kÞg and f has a polynomial expansion in ffnðx; aÞg: For f ðxÞ ¼ f
N
ðx; aÞ;

c ¼ 1=ð2 ln q�1Þ; so the barrier, which corresponds to type p; is 1=ð2 ln q�1Þ: This will
be proved in Section 3. The uniqueness of an entire function taking prescribed values
at fx2kg or fukg follows from general theory of entire functions, [3], and divided
difference operators [8]. Our contribution is two-fold. Firstly, we provide an explicit
representation of the entire function with growth restriction. Secondly, we give
alternate representation of f when f is only assumed to be analytic in a bounded
domain.
In Theorem 3.1 we extend the following theorem from polynomials to entire

functions. Theorem 1.1 combines results from [11,12].

Theorem 1.1. Let f ðxÞ be a polynomial and assume that xn is defined by (1.1). Then,

f ðxÞ ¼
XN
k¼0

fk;ffkðx; aÞ

with

fk;f ¼ ðq � 1Þk

ð2aÞkðq; qÞk

q�kðk�1Þ=4ðDk
q f ÞðxkÞ:
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In addition we have

f ðxÞ ¼
XN
k¼0

fk;rrkðxÞ;

where

fk;r ¼ qðk2�kÞ=4ð1� qÞk

2kðq; qÞk

ðDk
q f Þð0Þ:

In Section 4 we rewrite Theorem 3.1 in the form of a Mittag–Leffler expansion, see
(4.2). This expansion turns out to be very useful in studying summation theorems for
basic hypergeometric series. Some examples are given in Section 5. Section 6 contains
concluding remarks and the evaluation of c in (1.2) for the q-exponential function
Eqðz; aÞ: We have only included a few examples of the implications of the material

derived here and we have avoided including technical special functions results, which
will appear in a more specialized publication.
One interesting byproduct of our results is the following version of a formula of

Cooper [5]

Dn
q f ðxÞ

¼ 2nqnð1�nÞ=4

ðq1=2 � q�1=2Þn

Xn

k¼0

n

k

" #
q

qkðn�kÞz2k�nf̆ðqðn�2kÞ=2zÞ
ðq1þn�2kz2; qÞkðq2k�nþ1z�2; qÞn�k

; ð1:16Þ

where z ¼ eiy; x ¼ cos y; and

n

k

" #
q

¼ ðq; qÞn

ðq; qÞkðq; qÞn�k

; ð1:17Þ

is the q-analogue of the binomial coefficient.
The key tool used to establish the expansion of the Cauchy kernel is the

theory of basic hypergeometric functions. An interesting open problem is to
find a purely complex variable proof of this expansion or of the expansions of
entire functions. For convenience we include the definition of a basic hypergeometric
series

rfs

a1;y; ar

b1;y; bs

�����q; z

 !

¼ rfsða1;y; ar; b1;y; bs; q; zÞ

¼
XN
n¼0

ða1;y; ar; qÞn

ðq; b1;y; bs; qÞn

znð�qðn�1Þ=2Þnðsþ1�rÞ: ð1:18Þ

ARTICLE IN PRESS
M.E.H. Ismail, D. Stanton / Journal of Approximation Theory 123 (2003) 125–146 129



Finally we use the Bailey notation

Wða2; a1;y; ar; q; zÞ

:¼rþ3 frþ2
a2; qa;�qa; a1;y; ar

a;�a; qa2=a1;y; qa2=ar

�����q; z

 !
: ð1:19Þ

The f function in (1.19) is called very well-poised.

2. Expansions of the Cauchy kernel

In this section we expand the Cauchy kernel 1=ðy � xÞ in terms of ffnðx; aÞg and
frnðxÞg: This is done in Theorem 2.1. The Cauchy kernel expansion is then used in
Theorems 2.2 and 2.3 to expand entire functions in the same bases with coefficients
represented by contour integrals. These integral representations are analogues of the
Cauchy formulas.
It is easy to prove that

Dqð1=fnðx; aÞÞ ¼ 2að1� qnÞ
1� q

1

fnþ1ðx; aq�1=2Þ: ð2:1Þ

It is clear that

1

cos f� cos y
¼ 2eif

f1ðcos y; eifÞ: ð2:2Þ

and therefore if y ¼ cos f;

Dk
qðy � xÞ�1jx¼xk

¼ 2ð�1Þk
qkð1�kÞ=2eiðkþ1Þf

akðaeif; q�keif=a; qÞkþ1
: ð2:3Þ

Theorem 2.1. The Cauchy kernel has the expansion

1

y � x
¼ 1

y � x

f
N
ðx; aÞ

f
N
ðy; aÞ � 2a

XN
n¼0

fnðx; aÞ
fnþ1ðy; aÞ qn;

for all y such that yax; and f
N
ðy; aÞa0: The above expansion also holds if y ¼ y0;

f
N
ðy0; aÞ ¼ 0; but xay0 in the sense that the left-hand side at y ¼ y0 equals the limit

of the right-hand side as y-y0: Moreover, the expansion of the Cauchy kernel in frng
is

1

y � x
¼ x

y2 � x2

ð�qe2iy;�qe�2iy; q2Þ
N

ð�qe2if;�qe�2if; q2Þ
N

þ y

y2 � x2

ð�e2iy;�e�2iy; q2Þ
N

ð�e2if;�e�2if; q2Þ
N

þ 4
XN
n¼0

yrnðxÞ
½ð1� qnÞ2 þ 4y2qn�rnðyÞ

qn;

provided that yax and rnðyÞa0 for all n; n ¼ 0; 1;y :

ARTICLE IN PRESS
M.E.H. Ismail, D. Stanton / Journal of Approximation Theory 123 (2003) 125–146130



First note that rnðxÞ=rnðyÞ is uniformly bounded if y is not a zero of

ð�e2if;�e�2if; qÞ
N
; since we have

lim
N-N

r2NðxÞ
r2NðyÞ

¼ ð�e2iy;�e�2iy; q2Þ
N

ð�e2if;�e�2if; q2Þ
N

;

lim
N-N

r2Nþ1ðxÞ
r2Nþ1ðyÞ

¼ xð�qe2iy;�qe�2iy; q2Þ
N

yð�qe2if;�qe�2if; q2Þ
N

:

Hence the second series in Theorem 2.1 converges absolutely and uniformly for x

and y in compact sets.

Proof. The idea of the proof is to formally expand the Cauchy kernel using (2.3) and
Theorem 1.1. The formal expansions of the Cauchy kernel in ffnðx; aÞg and frnðxÞg
converge, but not to the Cauchy kernel. So we evaluate the difference explicitly using
the theory of basic hypergeometric functions [1,7]. These are the two terms in
Theorem 2.1.
With x ¼ cos y; y ¼ cos f we get

ðq � 1Þk
qkð1�kÞ=4

ð2aÞkðq; qÞk

Dk
qðy � xÞ�1

�����
x¼xk

¼ �2aqk

fkþ1ðcos f; aÞ;

using (2.3). Thus the formal expansion of the Cauchy kernel is given by

� 2a
XN
k¼0

ðaeiy; ae�iy; qÞk

ðaeif; ae�if; qÞkþ1
qk

¼ �2a

1� 2ay þ a2
3f2

q; aeiy; ae�iy

qaeif; qae�if

�����q; q

 !
; ð2:4Þ

which is the sum on the right-hand side of the first formula in Theorem 2.1. Applying
the transformation [7, (III.9)] and assuming Im f40; we see that the last expression
is given by

� 2a

ð1� qÞð1� aeifÞ 3f2

q; qeiðf�yÞ; qeiðfþyÞ

qaeif; q2

�����q; ae�if

 !

¼ 2eif

ð1� eiðf�yÞÞð1� eiðfþyÞÞ


 1�2 f1

eiðf�yÞ; eiðfþyÞ

aeif

�����q; ae�if

 !" #
:

The 2f1 is summable by the q-analogue of Gauss’ theorem [7, (II.8)] and its sum is

ðaeiy; ae�iy; qÞ
N
=ðaeif; ae�if; qÞ

N
: The result is the first expansion in Theorem 2.1.

We remove the assumption Im f40 by analytic continuation.
To prove the second expansion, we evaluate the sum on the right-hand side of the

second formula in Theorem 2.1. After the application of (1.10) the sum with which
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we are concerned is found to be

2
XN
n¼0

eiðnþ1Þfð1þ e2iyÞð�q2�ne2iy; q2Þn�1
einyðiq�n=2eif;�iq�n=2eif; qÞnþ1

: ð2:5Þ

We first assume that je�ifjo1: We next sum over n even and over n odd. The even
sum is

2eif

1þ e2if

XN
n¼0

ð�e2iy;�e�2iy; q2Þnq2n

ðiqeif; iqe�if;�iqeif;�iqe�if; qÞn

¼ 2eif

1þ e2if 3f2

q2;�e2iy;�e�2iy

�q2e2if;�q2e�2if

�����q2; q2

 !

¼ 2e3ifð1þ e�2ifÞ
ð1� e2iðfþyÞÞð1� e2iðf�yÞÞ


 1�2 f1

e2iðf�yÞ; e2iðfþyÞ

�e2if

�����q2;�e�2if

 !" #
;

where the transformation [7, (III.9)] was applied in the last step. Again Gauss’
theorem [7, (II.8)] sums the 2f1 and we see that the even sum is

y

y2 � x2
1� ð�e2iy;�e�2iy; q2Þ

N

ð�e2if;�e�2if; q2Þ
N

� 

: ð2:6Þ

The odd sum can be similarly handled and can be simplified to

x

y2 � x2
1� ð�qe2iy;�qe�2iy; q2Þ

N

ð�qe2if;�qe�2if; q2Þ
N

� 

: ð2:7Þ

Now we remove the assumption je�ifjo1 by analytic continuation. Equating (2.5) to
the sum of (2.6) and(2.7) gives the second part of the theorem and the proof is
complete. &

Theorem 2.2. Let f be analytic in a bounded domain D and let C be a contour within D

and x belong to the interior of C: If the distance between C and the set of zeros of

f
N
ðx; aÞ is positive then

f ðxÞ ¼f
N
ðx; aÞ
2pi

I
C

f ðyÞ
y � x

dy

f
N
ðy; aÞ

� a

pi

XN
n¼0

qnfnðx; aÞ
I

C

f ðyÞ dy

fnþ1ðy; aÞ:

Proof. It is clear that

fnðx; aÞ=fnþ1ðy; aÞ-f
N
ðx; aÞ=f

N
ðy; aÞ

uniformly in y on compact subsets not intersecting the set of zeros of f
N
ðy; aÞ: Thus

we can multiply the first expansion in Theorem 2.1 by f ðyÞ and integrate with respect
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to y and interchange integration and summation. The result then follows from
Cauchy’s theorem. &

Theorem 2.2 gives the q-analogue of expanding f ðxÞ around x ¼ ða þ 1=aÞ=2:
From the theory of functions we know that if f ðaÞ ¼ 0 and f ð jÞðaÞ ¼ 0 for 1pjpm �
1; then the Taylor series starts with the term f ðmÞðaÞðx � aÞm=m!: This feature
continues to hold but we have to define a q-analogue of a multiple zero.

Definition. Let x ¼ ða þ 1=aÞ=2 be a zero of f ðxÞ: We say that it has q-multiplicity m

if

f ðzkÞ ¼ 0; 1pkpm � 1; and f ðzmÞa0; zk :¼ 1

2
ðaqk þ q�k=aÞ: ð2:8Þ

Similarly a pole x of f has q-multiplicity m if x is a zero of 1=f with q-multiplicity m.

It must be emphasized that the above definition is completely analogous to the
definition of a multiple zero in difference equations in Hartman [10]. With this
definition one can see that if ða þ 1=aÞ=2 is a zero of f of q-multiplicity m then the
terms corresponding to n ¼ 0; 1;y;m � 1 in the sum in Lemma 2.2 vanish and the
sum starts from n ¼ m:

Theorem 2.3. Let f be analytic in a bounded domain D and let C be a contour within D

and x is interior to C: If the contour C is at a positive distance from the set f7iðqn=2 �
q�n=2Þ=2; n ¼ 0; 1;yg; then

f ðxÞ ¼ 2x

pi

I
C

yf ðyÞ
y � x

ð�qeiðyþfÞ;�qeiðy�fÞ;�qeiðf�yÞ;�qe�iðyþfÞ; qÞ
N

ð�q;�q; qÞ
N
ð�e2if;�e�2if; qÞ

N

dy

þ 2

pi

XN
n¼0

rnðxÞqn

I
C

yf ðyÞ dy

½ð1� qnÞ2 þ 4y2qn�rnðyÞ
;

with x ¼ cos y and y ¼ cos f:

Proof. The proof is very similar to the proof of Theorem 2.2. The only step requiring
justification is the identity

x

y2 � x2

ð�qe2iy;�qe�2iy; q2Þ
N

ð�qe2if;�qe�2if; q2Þ
N

þ y

y2 � x2

ð�e2iy;�e�2iy; q2Þ
N

ð�e2if;�e�2if; q2Þ
N

¼ 4xy

y � x

ð�qeiðyþfÞ;�qeiðy�fÞ;�qeiðf�yÞ;�qe�iðyþfÞ; qÞ
N

ð�q;�q; qÞ
N
ð�e2if;�e�2if; qÞ

N

: ð2:9Þ

The proof of (2.9) uses the relationships [21, Chapter 21]

W2ðzÞ ¼ 2Gq1=4 cos zð�q2e2iz;�q2e�2iz; q2Þ
N

¼ Gq1=4

2 cos z
ð�e2iz;�e�2iz; q2Þ

N
;

W3ðzÞ ¼ Gð�qe2iz;�qe�2iz; q2Þ
N
;
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and the product formulas in Exercise 3, page 488 in Whittaker and Watson [21]. The

notations Wj :¼ Wjð0Þ; G :¼ ðq2; q2Þ
N

[21] were used. We omit the details. One referee

kindly pointed out that (2.9) also follows from (2.16) and (5.21) of [7]. &

We record the following equivalent form of the representation of f in Theorem 2.3

f ðxÞ ¼ x

2pi

I
C

f ðyÞ
y2 � x2

ð�qe2iy;�qe�2iy; q2Þ
N

ð�qe2if;�qe�2if; q2Þ
N

dy

þ 1

2pi

I
C

yf ðyÞ
y2 � x2

ð�e2iy;�e�2iy; q2Þ
N

ð�e2if;�e�2if; q2Þ
N

dy

þ 2

pi

XN
n¼0

rnðxÞqn

I
C

yf ðyÞ dy

½ð1� qnÞ2 þ 4y2qn�rnðyÞ
:

3. Expansions of entire functions

In this section we establish expansion theorems for entire functions of q-
exponential growth. The expansions are in terms of the bases ffnðx; aÞg and frnðxÞg:
Observe that Mðr;f

N
ðx; aÞÞ ¼ f

N
ð�r; aÞ; since a40: Hence with

rm ¼ ½aqmþd þ a�1q�ðmþdÞ�=2; �1odo0; m ¼ 0; 1;y : ð3:1Þ

we find

Mðrn;fN
ðx; aÞÞ ¼ f

N
ð�rn; aÞ

¼ ð�q�n�d; qÞnð�q�d;�a2qnþd; qÞ
N

¼ q½d2�n�ðnþdÞ2�=2ð�qdþ1; qÞnð�q�d;�a2qnþd; qÞ
N

ð3:2Þ

so that

lim
n-N

ln Mðrn;fN
Þ

ln2 rn

¼ 1

2 ln q�1:

The fact that f
N
ðx; aÞ vanishes at x2n for all n motivates our next theorem.

Theorem 3.1. An entire function f satisfying (1.2) with co1=ð2 ln q�1Þ has a

convergent expansion

f ðxÞ ¼
XN
k¼0

fk;ffkðx; aÞ;

with f fk;fg defined in Theorem 1.1. Moreover, any such f is uniquely determined by its

values on fx2n : nX0g:

Note that ðDk
q f ÞðxkÞ is a linear combination of f ðx0Þ;y; f ðx2kÞ; so that the

coefficients fk;f in Theorem 1.1 also depend on the points fx2n : nX0g:
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The proof of Theorem 3.1 relies on a lemma which we now state and prove.

Lemma 3.2. Let f be entire and satisfy the condition in Theorem 3.1. Then if rn is

defined by (3.1), we have

lim
n-N

I
jyj¼rn

f ðyÞ
y � x

dy

f
N
ðy; aÞ ¼ 0:

Moreover, the same conclusion holds if

lim
n-N

qnðnþ2dþ1Þ=2 supfj f ðrneiyÞj : 0pyo2pg ¼ 0:

Proof. It is clear that inffjf
N
ðy; aÞj : jyj ¼ rg ¼ jf

N
ðr; aÞj: Hence for jyj ¼ rn; we

have

jf
N
ðy; aÞjX jðq�n�d; qÞnjðq�d; a2qnþd; qÞ

N

¼ q�nðnþ2dþ1Þ=2ðqdþ1; qÞnðq�d; a2qnþd; qÞ
N
:

Therefore,

ln Mðrn; f ðyÞ=f
N
ðy; aÞÞp 1

2
½n þ ðn þ dÞ2� ln q þ ln Mðrn; f Þ þ Oð1Þ

¼ ln Mðrn; f Þ � 1

2

ln2 rn

ln q�1 þ Oðln rnÞ;

and the lemma follows. &

Instead of proving the expansion in Theorem 3.1 in the basis ffnðx; aÞg we shall
prove the following equivalent result.

Theorem 3.3. The expansion formula

f ðxÞ ¼
XN
n¼0

qnfn;ffnðx; aÞ;

with

fn;f ¼
Xn

k¼0

ð�1Þk
qkðk�1Þ=2ð1� a2q2kÞ

ðq; qÞkðq; qÞn�kða2qk; qÞnþ1
f ðx2kÞ;

holds for functions f satisfying the assumptions of Theorem 3.1.

Proof. In Theorem 2.2 we choose C to be Cm; a circle centered at y ¼ 0 and radius
rm: Lemma 3.2 shows that the first integral in Theorem 2.2 is small if m is large. We
split the remaining sum in Theorem 2.2 into tail terms with n4m; and initial terms
with npm: We will show that the tail is small, leaving the initial terms. Then a
residue calculation establishes the expression for fn;f; because the poles of

f ðyÞ=fnþ1ðy; aÞ are at y ¼ x2k; k ¼ 0; 1;y; n: The details of the residue calculation
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are omitted since they are similar to the calculation at the end of the proof of
Theorem 3.4.
Note that if n4m then

minfjfnþ1ðyÞj : yACmg

¼ jfnþ1ðrm; aÞj ¼ jðq�m�d; a2qmþd; qÞnþ1j

¼ ðq�m�d; qÞmð�1Þ
mðq�d; qÞnþ1�mða2qmþd; qÞnþ1

¼ q�mðmþ2dþ1Þ=2ðqdþ1; qÞm; ðq�d; qÞnþ1�mða2qmþd; qÞnþ1

Xq�mðmþ2dþ1Þ=2A ¼ q�ððmþdÞ2þ1�d2Þ=2A;

where A is a positive constant independent of n and m: Therefore, for sufficiently
large m; and yACm;

ln½Mðrm; f =fnþ1Þ�p½c1 þ 1=ð2 ln qÞ� ln2 rm þ OðmÞ

for some c1; cpc1o1=ð2 ln q�1Þ:
This is a uniform bound of e�Dðln rmÞ2 ; D40; for each integral for n4m: Since

fnðx; aÞ-f
N
ðx; aÞ; there is a uniform bound B for fnðx; aÞ on compact sets. Thus

the tail is bounded byXN
n¼mþ1

Bqne�Dðln rmÞ2pBqmþ1e�Dðln rmÞ2=ð1� qÞ;

which is small for m large. &

For polynomials f we equate the coefficients fn;f in the expansions of f in

ffnðx; aÞg in Theorems 3.3 and 1.1 and discover the identity

Dn
q f ðxnÞ

¼ ð2aÞn
qnðnþ3Þ=4

ðq � 1Þn

Xn

k¼0

n

k

" #
q

ð�1Þk
qkðk�1Þ=2

ða2qk; qÞnþ1
ð1� a2q2kÞf ðx2kÞ: ð3:3Þ

Since (3.3) holds for arbitrary polynomials it must hold for all continuous functions.
Using the notation

Z71
q f ðxÞ ¼ f̆ðq71=2zÞ; ð3:4Þ

and noting that a; is a general parameter and xn ¼ Znx0; we can rewrite (3.3) in the
form

Dn
q f ðxÞ ¼ ð2zÞn

qnð3�nÞ=4

ðq � 1Þn

Xn

k¼0

n

k

" #
q

ð�1Þk
qkðk�1Þ=2Z2k�nf ðxÞ

ðz2qk�n; qÞkðz2q2kþ1�n; qÞn�k

; ð3:5Þ

with x ¼ ðz þ z�1Þ=2: Eq. (3.5) can be shown to be equivalent to Cooper’s (1.16).

ARTICLE IN PRESS
M.E.H. Ismail, D. Stanton / Journal of Approximation Theory 123 (2003) 125–146136



Theorem 3.4. Let f be an entire function satisfying (1.2) and assume that co1=ln q�1:
Then f has the expansion

f ðxÞ ¼
XN
n¼0

fn;rrnðxÞ;

where

fn;r ¼ in
Xn

k¼0
ð�1Þk ðqk þ qn�kÞqðk2þðn�kÞ2Þ=2

2ðq2; q2Þkðq2; q2Þn�k

f ðun�2kÞ;

and fung is given by (1.4).

For general entire functions not necessarily satisfying (1.2), we note that the
property uj ¼ �u�j; allows one to conclude that for even functions f ; f2nþ1;r ¼ 0 for

all nX0; while for odd functions f ; f2n;r ¼ 0; for all nX0; confirming that f and its

formal expansion
P

N

n¼0 fn;rrnðxÞ have the same parity.

Proof. We basically repeat the proof of Theorem 3.3, with some changes in the
technical details. We will use

r2NðxÞ
r2NðyÞ

¼ ð�e2iy;�e�2iy; q2ÞN

ð�e2if;�e�2if; q2ÞN

ð3:6Þ

r2Nþ1ðxÞ
r2Nþ1ðyÞ

¼ xð�qe2iy;�qe�2iy; q2ÞN

yð�qe2if;�qe�2if; q2ÞN

: ð3:7Þ

Let Cm be a circle centered at y ¼ 0 with radius rm;

rm ¼ ½q�ðmþdÞ=2 � qðmþdÞ=2�=2; �1odo0; ð3:8Þ

and m is even. We use the form of the Cauchy kernel in (2.10) and show that the first
integral in (2.10) with C ¼ Cm tends to zero as m-N: Thus we minimize the
modulus of the denominators in order to give an upper bound for the integral. The

first denominator is minimized by choosing y2 ¼ �r2m;

minfjð�qe2if;�qe�2if; q2Þ
N
j : yACmg

¼ jðq1�m�d; qmþdþ1; q2Þ
N
j ¼ jðq1�m�d; q2Þm=2jðq1�d; qmþdþ1; q2Þ

N

XAq�ðmþdÞ2=4

for some positive constant A independent of m:
Similarly,

minfjð�e2if;�e�2if; q2Þ
N
j : yACmg

¼ jðq�m�d; qmþd; q2Þ
N
j ¼ jðq�m�d; q2Þm=2jðq�d; qmþd; q2Þ

N

XAq�ðmþdÞ2=4�m=2:
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So the sum of the first two integrals, jImj; is bounded by

jImjpB Mðrm; f ÞqðmþdÞ2=4;

for some B independent of m: Thus,

lnjImjpln Mðrm; f Þ þ ðln rmÞ2

ln q
þ Oðln rmÞ

which proves that jImj-0 as m-N; m even.

Next we show that
P

N

n¼mþ1 qnIm;n tends to zero as m-N and for x in compact

sets, where fIm;ng are the integrals

In;m ¼
I

Cm

yrnðxÞf ðyÞ dy

rnðyÞ½ð1� qnÞ2 þ 4y2qn�
: ð3:9Þ

For yACm; and n4m; we have

jð1� qnÞ2 þ 4y2qnj ¼ jð1þ qne2ifÞð1þ qne�2ifÞj

X jð1� qn�m�dÞð1� qnþmþdÞj

X ð1� q1�dÞð1� q1þdÞ:

Moreover after applying (3.6) and (3.7), we get for yACm and n4m;

r2nðxÞ
r2nðyÞ

����
����p jð�e2iy;�e�2iy; q2Þnj

jðq�m�d; qmþd; q2Þnj

p
jð�e2iy;�e�2iy; q2Þnj

jðq�m�d; q2Þm=2jðq�d; q2Þn�m=2ðqmþd; q2Þn

pA1q
ðmþdÞ2=4;

for some constant A1; and

r2nþ1ðxÞ
r2nþ1ðyÞ

����
����p jxð�qe2iy;�qe�2iy; q2Þnj

jyðq1�m�d; q1þmþd; q2Þnj

p
jxð�qe2iy;�qe�2iy; q2Þnj

jyðq1�m�d; q2Þm=2ðq1�d; q2Þn�m=2ðq1þmþd; q2Þnj

pA2q
ðmþdÞ2=4:

The constants A1 and A2 depend on the compact set x to which x is restricted but do
not depend on y; m or n:
As before this shows that

ln jIn;mjp ln Mð f ; rmÞ þ
ðln rmÞ2

ln q
þ Oðln rmÞ

p ðc1 þ 1=ln qÞðln rmÞ2;

for some c1; 0oc1o1=ln q�1 which shows that
P

N

n¼mþ1 qnjIn;mj tends to zero as

m-N:
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Next we evaluate the sum
Pm

n¼0 qnIm;n by residues then let m-N: From (1.10) it

follows that

rnþ2ðyÞ ¼ q�n½ð1� qnÞ2 þ 4y2qn�rnðyÞ;

hence we need to evaluateI
Cm

yf ðyÞ dy

rnþ2ðyÞ
:

The poles fykg of y=rnþ2ðyÞ are

i½q�kþn=2 � qk�n=2�=2;

k ¼ 0; 1;y; n: Let yk ¼ cos fk; hence

eifk ¼
�iqk�n=2; 0pkpn=2;

iq�kþn=2; n=2okpn:

(
ð3:10Þ

It is routine to use (3.10) and find that the residue of y=rnþ2ðyÞ at i½q�kþn=2 �
qk�n=2�=2 is

in ð�1Þkðqn�k þ qkÞ
8ðq2; q2Þkðq2; q2Þn�k

qkðk�nÞþn2=2; k ¼ 0;y; n;

and the theorem follows. &

Remark. The first part of the proof can be replaced by estimating the first integral in

Theorem 2.3 directly. Let jeiyjpA for all x in a compact set. Hence for yACm and
fixed x; we have

ln
yð�qeiðyþfÞ;�qeiðy�fÞ;�qeiðf�yÞ;�qe�iðyþfÞ; qÞ

N

ð�e2if;�e�2if; qÞ
N

����
����

� �
plnðð�Aq1�ðmþdÞ=2;�q1�ðmþdÞ=2=A; qÞ

N
Þ

� lnðjðq�m�d; qÞ
N
jÞ þ Oð1Þ

plnðð�Aq1�ðmþdÞ=2;�q1�ðmþdÞ=2=A; qÞm=2Þ

� lnðjðq�m�d; qÞmjÞ þ OðmÞ

¼ mðm þ 2dÞ
4

ln q þ OðmÞ ¼ �ln
2 rm

ln q�1 þ OðlnðrmÞÞ:

Therefore, the first integral on the right-hand side of the equation in Theorem 2.3
tends to zero as m-N:
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4. A Mittag–Leffler expansion

It is tempting to substitute for fn in the first formula in Theorem 3.3 then rearrange
the sum and find the coefficient of f ðx2kÞ: The formal interchange of sums gives

f ðxÞ ¼
XN
k¼0

ð�1Þk
qkðkþ1Þ=2ð1� a2q2kÞ

ðq; qÞkða2qk; qÞkþ1
ðaeiy; ae�iy; qÞk


2 f1

aqkeiy; aqke�iy

a2q2kþ1

�����q; q

 !
f ðx2kÞ: ð4:1Þ

The 2f1 can be summed by the q-analogue of Gauss’ theorem [7, (II.8)] and its sum is

ðaqkþ1eiy; aqkþ1e�iy; qÞ
N
=ða2q2kþ1; q; qÞ

N
and (4.1) becomes

f ðxÞ
f
N
ðx; aÞ ¼

XN
k¼0

ð�1Þk
qkðkþ1Þ=2ð1� a2q2kÞ

ðq; qÞkðq; a2qk; qÞ
N

f ðx2kÞ
1� 2axqk þ a2q2k

: ð4:2Þ

Theorem 4.1. Formula (4.2) holds for entire functions f satisfying (1.2) with

co1=ð2 ln q�1Þ:

Proof. Let rm be as in (3.1) and Cm be a circle centered at the origin and have radius
rm: Let x be fixed and m be large enough so that x is interior to Cm: Consider

Im :¼ 1

2pi

I
Cm

f ðyÞ
f
N
ðy; aÞ

dy

y � x
: ð4:3Þ

From Lemma 3.2, Im-0 as m-N: On the other hand, the residue theorem implies

Im ¼ f ðxÞ
f
N
ðx; aÞ

�
Xm

k¼0

ð�1Þk
qkðkþ1Þ=2ð1� a2q2kÞ

ðq; qÞkðq; a2qk; qÞ
N

f ðx2kÞ
1� 2axqk þ a2q2k

;

and the theorem follows. &

Clearly Theorem 4.1 is a Mittag–Leffler expansion.

5. Applications

Recall that the conclusion of Lemma 3.2 holds provided that

lim
n-N

Mðrn; f Þqnðnþ2dþ1Þ=2 ¼ 0: ð5:1Þ

where rn is defined in (3.1). By examining the proof of Theorem 3.3 we see that it
continues to hold under assumption (5.1). In fact we can replace the sequence frng in
(5.1) by any subsequence frnk

g:
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As a first application of the above observation we let

gðzÞ ¼ ðbeiy; be�iy; pÞ
N
; ppq; z :¼ cos y: ð5:2Þ

To verify (5.1) we employ

Mnðrn; gÞp ð�jb=ajq�n�d;�jabjqnþd; pÞ
N

p ð�jb=ajq�n�d;�jabjqnþd; qÞ
N

p jb=ajnq�nðnþ2dþ1Þ=2ð�jb=ajq�d;�q1þdjabj; qÞ
N
:

Thus (5.1) holds when jb=ajo1; and (4.2) will then hold for jbjojaj and we have
established the series summation

ðbeiy; be�iy; pÞ
N

ðqaeiy; qae�iy; qÞ
N

¼
XN
k¼0

ð�1Þk
qkðkþ1Þ=2ða2; aq;�aq; qÞk

ðq; a;�a; qÞkðq; a2q; qÞ
N


 ðaeiy; ae�iy; qÞk

ðaqeiy; aqe�iy; qÞk

ðabqk; bq�k=a; pÞ
N
; ð5:3Þ

valid for 0opoq; or p ¼ q and jbjojaj:
Mizan Rahman pointed out that (5.3) follows from a result of George Gasper.

Gasper’s formula is (5.13) on p. 68 in [6] and can be stated as

6þ2mW5þ2m A;B;
A

B
; d; e1;y; em;

Aqn1þ1

e1
;y;

Aqnmþ1

em

; q;
q

d
q
�
Pm

j¼1 nj

� �

¼ ðq;Aq;Aq=Bd;Bq=d; qÞ
N

ðBq;Aq=B;Aq=d; q=d; qÞ
N

Ym
j¼1

ðAq=Bej;Bq=ej; qÞnj

ðAq=ej; q=ej ; qÞnj

:

We put

A ¼ a2; B ¼ aeiy; d ¼ q�m; ej ¼ aqp1�j=b; nj ¼ 1; 1pjpm:

Write the 6þ2mW5þ2m as a sum over k; kX0: The contribution to the kth term of the
factors containing e1;y; em is

Ym�1

r¼0

ðaqp�r=b; abqpr; qÞk

ðabpr; ap�r=b; qÞk

¼
Ym�1

r¼0

ð1� aqkp�r=bÞð1� abprqkÞ
ð1� ap�r=bÞð1� abprÞ ¼ qkm ðabqk; bq�k=a; pÞm

ðab; b=a; qÞm

:

Now (5.3) follows by letting m-N:
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When p ¼ q in (5.3), a simple calculation using

ðabqk; bq�k=a; qÞ
N

¼ðab; b=a; qÞ
N

ðbq�k=a; qÞk

ðab; qÞk

¼ð�b=aÞkðaq=b; qÞk

qkðkþ1Þ=2ðab; qÞk

ðab; b=a; qÞ
N
;

shows that the right-hand side of (5.1) is ðab; b=a; qÞ
N
=ðq; a2q; qÞ

N
times a 6f5

function. Thus (5.3) with p ¼ q is equivalent to

6f5

a2; aq;�aq; aq=b; aeiy; ae�iy

a;�a; ab; aqe�iy; aqeiy

�����q; b

a

 !

¼ ðq; a2q; beiy; be�iy; qÞ
N

ðaqeiy; aqe�iy; ab; b=a; qÞ
N

: ð5:4Þ

Formula (5.4) is the sum of a very well poised 6f5; [7, (II.20)]. The most general 6f5

has four free parameters, but our (5.4) has only three free parameters.
Another application of (4.2) is to choose

f ðzÞ ¼
Ym
j¼1

fjðzÞ; fjðcos yÞ :¼ ðbje
iy; bje

�iy; pjÞN: ð5:5Þ

Here we will only mention the case when the pj ¼ p for all j: In this case we choose a

positive integer l such that qlþ1oppql : It suffices to take n ¼ ls in (5.1) and for
sufficiently large s; we get

Mðrls; fjÞpð�jbj=ajq�ls�d;�jabjjqlsþd; pÞ
N

pð�jbj=ajq�ls�d; pÞsð�jbj=ajq�d;�jabjjlsþd; pÞ
N

pjbj=ajsq�sðlsþdÞpsðs�1Þ=2Aj; ð5:6Þ

where Aj is a constant depending only on a; b1;y; bm; d but not on s: With r defined

through

p ¼ qlr; 1pro1þ 1=l; ð5:7Þ

we obtain

Mðrls; f Þqlsðlsþ2dþ1Þ=2

pBq�ðlsþdÞsmþlsðlsþ2dþ1Þ=2pmsðs�1Þ=2
Ym
j¼1

jbj=ajs; ð5:8Þ

for some constant B: Substitute for p in (5.8) from (5.7) to see that the coefficient of

s2 in the exponent of q is nonnegative if and only if

lXmð2� rÞ: ð5:9Þ

If l ¼ mð2� rÞ then the coefficient of s in the exponent of q is m½dþ 1� rd� rð1þ
mð2� rÞÞ=2�: Thus we have established the following theorem.
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Theorem 5.1. Let f be defined by (5.5) with pj ¼ p for all j; 1pjpm, and let lX1 be

defined by qlþ1oppql . Set B ¼ jb1?bmj1=m. If

ðiÞ l4mð2� rÞ; or

ðiiÞ l ¼ mð2� rÞ and Bq1�rð1þmð2�rÞÞ=2ojaj;
holds then f has the Mittag–Leffler expansion (4.2).

The details of consequences of Theorem 5.1 will be explored elsewhere. We just
mention the case pj ¼ p ¼ qm; so r ¼ 1 and m ¼ l: Thus (4.2) holds ifYm

j¼1
jbj=ajoqmðm�1Þ=2: ð5:10Þ

Thus (4.2) givesQm
j¼1ðbje

iy; bje
�iy; qmÞ

N

ðaeiy; ae�iy; qÞ
N

¼
XN
k¼0

ð�1Þk
qkðkþ1Þ=2ð1� a2q2kÞ

ðq; qÞkðq; a2qk; qÞ
N

Qm
j¼1ðbjq

�k=a; abjq
k; qmÞ

N

ð1� aqkeiyÞð1� aqke�iyÞ : ð5:11Þ

The special case m ¼ 2 of (5.13) follows from [7, (III.38)]. To see this we first write
upper case letters for the parameters a; b;y; q in [7, (III.38)]. We make the choices

Q ¼ q2; A ¼ B ¼ eiy; C ¼ e�iy;

D ¼ q2=b1; E ¼ q2=b2; F ¼ a; G ¼ aq: ð5:12Þ
The resulting 8c8 on the left-hand side of (III.38) in [7] reduces to 1 because its

numerator parameter AC is 1, while a denominator parameter (=AQ=B) is q2; which
is the base of the 8c8: The even and odd sums in (5.11) are the 8f7’s on the right-
hand side of (III.38).

6. Remarks

In [12] we pointed out the importance of the polynomial basis

fnðcos yÞ ¼ ðq1=4eiy; q1=4e�iy; q1=2Þn; ð6:1Þ
in the theory of basic hypergeometric functions. We also established the q-Taylor
series

f ðxÞ ¼
Xn

k¼0
fkfkðxÞ; ð6:2Þ

for polynomials f ; where

fk ¼ ðq � 1Þk

2kqk=4ðq; qÞk

ðDk
q f Þðz0Þ ð6:3Þ
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and

zn ¼ ½qðnþ1=2Þ=2 þ q�ðnþ1=2Þ=2�=2: ð6:4Þ

The proof of (6.2) uses

DqfnðxÞ ¼ �2q1=4
1� qn

1� q
fn�1ðxÞ: ð6:5Þ

One can also extend (6.2) to entire functions satisfying (1.2) with co1=ln q�1 using
Theorem 3.1 because the interpolation points used in (6.4) correspond to replacing q

by q1=2 and a by q1=4 in (1.1).
The q-exponential function of [14] is

Eqðcos y; tÞ ¼ ðt2; q2Þ
N

ðqt2; q2Þ
N

XN
n¼0

ð�itÞn

ðq; qÞn

qn2=4


 ð�iqð1�nÞ=2eiy;�iqð1�nÞ=2e�iy; qÞn: ð6:6Þ

The function Eqðx; tÞ is entire in x for all t; jtjo1: Corollary 2.5 of [12] is

Eqðcos y; tÞ ¼ ð�t; q1=2Þ
N

ðqt2; q2Þ
N

2f1

q1=4eiy; q1=4e�iy

�q1=2

�����q1=2;�t

 !
: ð6:7Þ

We now show that (6.7) enables us to determine the exact limiting behavior of the
maximum modulus of the Eq function. Let r ¼ cosh u; u40: Thus (6.7) implies

ln Mðcosh u;EqÞplnðð�q1=4eu;�q1=4e�u; q1=2Þ
N
Þ þ Oð1Þ;

as u-N: It is clear that for any sequence fumg tending to infinity, eum can be written

in the form q�ðnmþdmÞ=2; with positive integers nm such that �1=2pdmo1=2: From
here it is not difficult to see that

lim sup
r-N

ln Mðr;EqÞ
ln2 r

p
1

ln q�1: ð6:8Þ

On the other hand the sequence rm ¼ ½q�ðmþ1=2Þ=2 þ qðmþ1=2Þ=2�=2 makes

ðqt2; q2Þ
N

ð�t; q1=2Þ
N

Eqðrm; tÞ ¼2 f1

q�m=2; qðmþ1Þ=2

�q1=2

�����q1=2;�t

 !
: ð6:9Þ

The right-hand side of (6.9) is a little q-Jacobi polynomial Fða;bÞ
m ðxÞ; with a ¼ b ¼ �1

and x ¼ �t=q1=2; [13], hence the 2f1 in (6.9) is asymptotically equal to

tmq�mðmþ1Þ=4ð�q1=2=t; qÞ
N
=ð�q1=2; q1=2Þ

N
;

by (1.5) in [13]. Therefore

lim sup
r-N

ln Mðr;EqÞ
ln2 r

X lim
m-N

ln Mðrm;EqÞ
ln2 rm

¼ 1

ln q�1: ð6:10Þ

Therefore (6.8) and (6.10) establish the following theorem.
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Theorem 6.1. For jtjo1 the maximum modulus of Eq has the property

lim sup
r-N

ln Mðr;EqÞ
ln2 r

¼ 1

ln q�1:

It is worth mentioning that Theorem 6.1 shows that (6.7) does not follow from the
general approach developed here. It is of interest to find a function theoretic
approach to development of identities like (6.7). A simple proof of (6.7) using ideas
from the Sheffer classification [18] is in [15].
There is extensive literature on entire functions of exponential order when f ðnÞ

takes integer values at n; n ¼ 0; 1;y : One such theorem is due to Polya [17] and
states that an entire function of exponential order olog 2 which takes integer values
at n; n ¼ 0; 1;y; is a polynomial. Wallisser [20] mentions the following q-analogue,
due to Gelfond [8].

Theorem 6.2. Assume that f is an entire function such that

ln Mðr; f ÞpðlnðsrÞÞ2

4 ln q
;

and q is an integer such that 2pq; so1=q: If f takes integer values at qn then f is a

polynomial.

Wallisser [20] then raises the question of finding the form of the entire functions
taking integer values at the points ðqn � 1Þ=ðq � 1Þ; n ¼ 0; 1;y; with some
restrictions on q in addition to q41: In fact our work raises the question of
describing a class of functions f such that if f ðx2nÞ (or f ðunÞ) is an integer for all
n ¼ 0; 1;y; then f is a polynomial.
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